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Calculation of the Electron Distribution in the Hydrogen Atom for 
Different Values of the Temperature Factor 
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Tables are presented showing the effect of thermal vibration on the electron distribution in the 
hydrogen atom, both in three dimensions and in projection. The calculations, which were performed 
on the EDSAC, are based upon the assumption that  the charge density in a stationary atom is 
adequately represented by the square of the normalised (ls) wave-function. In the three-dimensional 
case, q(r), the electron density in a vibrating atom, and n(R), the fraction of the electron contained 
within a sphere of radius/~ measured from the centre of the atom, can be expressed explicitly as 
functions of the teraperature parameter B. I t  is found that  the atom is quite diffuse, a sphere of 
radius 1.0 _~, for example, containing only about 70% of the electron. In view of this, due care 
must be taken in interpreting the results of electron counting on electron-density maps computed 
from X-ray diffraction data. The magifitudes of the errors introduced by termination of the Fourier 
series are also discussed. 

The results of these calculations agree reasonably well with recent measurements of the electron 
density. We conclude tentatively that  the electron distribution in hydrogen atoms bonded to 
carbon, nitrogen or oxygen, or weakly hydrogen-bonded to nitrogen or ctflorine, is adequately 
approximated by the electron distribution in an isolated atom. 

Introduct ion 

In  a recent  publication,  Higgs (1953) has discussed the  
effect of the rmal  v ibra t ion upon the electron distribu- 
t ion in the carbon atom, and has demonst ra ted  the 
very  critical na ture  of the  dependence of the peak 
densi ty  on the ampl i tude  of thermal  vibrat ion,  espe- 
cially at  low temperatures .  In  the present  paper, it  is 
proposed to invest igate the effect of thermal  motion 
on the  electron dis t r ibut ion in the hydrogen atom. 
In  view of the fact  t ha t  the  technique of X-ray  dif- 
f ract ion has advanced to the stage where it  is possible 
to measure the  electron densi ty  in hydrogen atoms 
wi th  fair  accuracy, i t  is of some importance to know 
what  values to expect under  different exper imenta l  
conditions. 

* Present address- 23 Balcarres Street, Edinburgh 10, 
Scotland. 

We shall  assume in what  follows tha t  the  charge 
densi ty  in a s ta t ionary  a tom is adequate ly  represented 
by  the  square of the  normalised (ls) wave-function, 
tha t  is, we shall  ignore the  per turbat ions  of the 
electron cloud due to bonding. Jus t i f ica t ion for this  
apparen t ly  drastic s implif icat ion is afforded by recent 
exper imenta l  results. I t  is well known tha t  the electron 
distribution in heavier atoms is relatively little affected 
by  bonding, the departures  from spherical  s y m m e t r y  
being in general very small  (apart from the effects of 
anisotropic thermal  vibration).  Recent  accurate X-ray  
diffraction results suggest t ha t  this  m a y  also be true 
in the least favourable  case of the hydrogen atom. 
I t  has been generally found (Table 9) that ,  if a spheri- 
cally symmetr ica l  dis t r ibut ion of electron densi ty  is 
subtracted from X in a covalent bond H - X  by the  
technique of the Fo-Fc synthesis,  the resul tant  distri- 
but ion has, on the  average, spherical symmet ry ,  and  
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the peak height and electron content are not very 
different from the values expected for an isolated atom 
calculated on the basis of the theory developed in this 
paper. This point will be discussed later with particular 
reference to Table 9. 

While the deficiences of this simple approach are 
fully realized, the assumptions involved are valid to 
the extent tha t  they form a genuine basis for the 
interpretation of the experimental results. 

= r ~ exp  ( - 2 r / a ) d r ;  n(R)  -~ o 

i.e. 
n(R)  = 1- (2 / a  ~) [R~÷aR+½a ~] exp ( - 2 R / a ) .  (6) 

The electron density in an atom with thermal motion 
will be obtained by convoluting (4) with the Fourier 
transform of the temperature function exp ( -Bs~ ) .  
The transform is 

Three-dimens ional  analysis 

For any spherically symmetrical atom, the number of 
electrons n(R)  contained within a sphere of radius R 
measured from the centre of the atom is given by 

f I n(R) = 4 ~ r ~ ( r )  dr = U(r) d r ,  (1) 
0 0 

where o(r) is the electron density at a distance r from 
the centre. U(r) = 4~rgQ(r) is the radial distribution 
function. For an atom with thermal motion, we have 
for o(r), 

= i f ( s )  exp ( - B s  ~) exp ( - 2 x d r .  s)dv* , Q(r) (2) 
e) v$ 

where f ( s )  is the atomic scattering factor, and s -- 
2 sin 0/).. B is a constant related to the amplitude of 
thermal vibration" 

B = 2rl~u ~ , 

where u ~ is the mean square displacement of the atom 
from its mean position. 

Equation (2) is normally evaluated as a Fourier 
series: 

1 
~(x, y, z) = -~ ~Y, Z, .~  f (hk l )  exp ( - B s  ~) 

h k l 

× e x p { - 2 r d ( h x + k y + l z ) } .  (3) 

In the case of the hydrogen atom, ~(r) is given in 
analytical form as the square of the normalized wave- 
function. For a stationary atom in the ground state, 

e(r) ---- ~2(r) = (1/z~a a) exp (--2r/a),  a = 0.528 J~. (4) 

We shall assume tha t  this also gives the electron den- 
sity in an atom at absolute zero, though this will not 
be strictly true on account of the existence of zero- 
point energy. This point does not affect the analysis 
which follows, but  in the comparison of observed and 
calculated densities (Table 9) it may be that  the values 
of B which have been used, which are those appro- 
priate to carbon atoms etc., should in fact be greater 
because of the greater zero-point movement of the 
hydrogen atoms. 

The distribution function is, in this case, 

U(r) = 4x~r2y~U(r) --- (4r2/a a) exp ( - 2 r / a ) ,  (5) 

and the fraction of the electron within a sphere of 
radius R is 

f :4gs~ sin 2firs T(r) = 2~rs  exp  ( - B s ~ ) d s  ' 

i.e. 
T(r) = (r~/B)~ exp (-re2r~/B) . 

Convoluting (7) with (4), we have 

~(u) = v/9(r).T(r) 

(7) 

zea al (B)~ fvexp ( _  ~ ) e x p  { -  -~ ] u - r [  u} dv 

Transforming to spherical polar coordinates, with the 
polar axis along u, and using the spherical symmetry 
of the functions, 

2 / ~ \ ~  sin Q(~) = h~ ~ )  exp - 0 

~2r2 2z~Uru 
x exp -- --B-- + - B - -  cos ~ - - -  2--~) dr d~ . 

Integrating first with respect to ~, 

2 exp ( -ze2ug/B)  
~(u) = V(Br~)a3 u 

× I o r e X p (  z~2r~ ~ ) ( 2 ~ _ r u )  B sinh - - - -  dr. 

Replacing u by r, we have finally for the modified 
density, 

2gaSro(r) = F ( r ) - F ( - r ) ,  (8) 
where 

F ( r ) -  ( 5 _ } _ r )  [ 1_  err ( a ~  ~_ ~_~)] exp (_Ba~ ÷ ~ r  ~ )  , 

with the convention tha t  

erf (x) --- ~-~ 0exp ( - y 2 ) d y  = - e f t  ( - x ) .  

Equation (8) gives the electron density in a hydrogen 
atom with a temperature factor of exp [ - B ( 2  sin 0)9/~t2]. 
On putt ing B --- 0, the expression reduces to (4). The 
fraction of the electron inside a sphere of radius R 
can be obtained by graphical integration of the area 
under the distribution function of (8), or by exact 
integration. The integration has been accomplished, 
with the following result: 



164 T H E  E L E C T R O N  D I S T R I B U T I O N  I N  T H E  H Y D R O G E N  A T O M  

xlR 2VB 

where  

1 B a = - / ]  
/2R B \ 

× [ 1 -  err ( ~ B  + ~ ) ]  exp  ~-~--}-~-~a2 ) • 

This  m a y  be s impl i f ied b y  m a k i n g  t h e  a p p r o x i m a t i o n s  

err (=hz~R/~/B-i-~/B/azc)=~l, a n d  exp (-zc~Rg/B)=O , 

which  give rise to  a smal l  error  for  t h e  va lues  of B 
and  R which  we are i n t e r e s t ed  in, a n d  lead  to  t he  r a t h e r  
n e a t  resul t  

2 [ R ~ - R ( 5 - a ) - ½ a ( a ~ 2 - a ) ]  n(R) = 1 -  

( 2 R +  B )  
× exp (9) a ~ ' 

which  reduces  to  (6) on p u t t i n g  B = 0. 
E q u a t i o n  (8) m a y  also be de r ived  f rom t h e  a tomic  

sca t t e r ing  factor ,  

4 i:rg Sin 2z~rS exp ( _  2-r:) dr ' 
f(s) = ~ 2zlrs 

i.e. 
f(s) -- 1/[1 +(~as)~]~. (10) 

This  is t h e  sca t t e r ing  a m p l i t u d e  for t h e  g r o u n d  s t a t e  
of t h e  h y d r o g e n  a t o m  a t  abso lu te  zero. M c W e e n y  
(1951) f inds  t h a t  t he  con t r i bu t ion  of t he  (Is) orbi ta l  
to  t h e  a tomic  sca t t e r ing  fac tor  is g iven  by  

f ( l s ) =  (Nls)~'(2~aa3) Sx(x) 

where  

i 
ce 2x 

Sx(x ) = te t sin xtdt = (1 +x2) - - - - - - ~  " 
o 

Subs t i t u t i ng  x = ~as, (N1,) ~ = #aaa/z~, we ob ta in  (10). 
Fo r  an  a t o m  in  t h e r m a l  v ibra t ion ,  we h a v e  for t h e  

e lec t ron  d e n s i t y :  

f 
oe 4~s 9 sin 2z~rs 

e(r)= o [ l+ (uas )~]  2 2~rs exp( -Bs2)ds"  (11) 

I n t e g r a t i o n  o~ th i s  express ion  leads  to  e q u a t i o n  (8). 
The  values  of t he  e lec t ron  dens i t y  in t h r ee  d imens ions  
were  f i rs t  ca lcu la ted  by  m e a n s  of e q u a t i o n  (8), and  t h e  
resul ts  were  la te r  checked  by  numer i ca l  i n t eg ra t i on  of 
(11) on t he  EDSAC (Table 1). Us ing  t he  resul t  

I exp (--pt) sin (aVt) dt = a a ~ 0 ~ p  e x p  - , 

we can wr i te  e q u a t i o n  (11) in  t h e  fo rm of a di f ferent iM 
e q u a t i o n  

Table  1. The three-dimensional electron density as a 
function of the temperature parameter B and the distanc~ 

r-from the centre of the atom 
(Values axe in e./k -a) 

0"00 0.25 0.50 0.75 1.00 1.25 1-50 

0.891" 0.745* 0.645* 0-0 
0.1 
0.2 
0.3 
0.4 
0-5 
0.6 
0-7 

2.162 1.14o* 0.57t* 0.51~* 
1.481 1.054 0-847 0.715 0-622 0.551 0.495 
1.014 0.856 0-728 0.633 0.561 0.504 0.457 
0.694 0.639 0.578 0.523 0.475 0-435 0.400 
0-475 0.458 0.435 0.408 0.382 0.357 0.335 
0.325 0-322 0-315 0.306 0.294 0.281 0.269 
0.223 0.224 0.224 0.223 0-219 0.214 0-208 
0-153 0.156 0.158 0.159 0.159 0-159 0.157 

* Calculated for r = 0.01 by equation (8). 

Table  2. The three-dimensional distribution function 
47~rg~(r) 

r(~)(£~) 0.00 0.25 0.50 0-75 1-00 1-25 1.50 

0.0 
0.1 
0.2 
0.3 
0.4 
0-5 
0.6 
0-7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1-9 
2.0 

0.000 0.000 0.000 0-000 0-000 0.000 0-000 
0.186 0.133 0-106 0.090 0.078 0.069 0-062 
0-510 0.430 0~366 0-318 0.282 0.253 0-230 
0.785 0.723 0.654 0-591 0.538 0-492 0.453 
0.956 0.921 0.874 0.821 0.768 0.719 0-673 
1-022 1.012 0.991 0-960 0.923 0-884 0-845 
1-008 1.016 1.015 1.007 0.991 0.969 0-943 
0-939 0-958 0.972 0-980 0-982 0.977 0-968 
0.840 0.865 0.887 0.905 0-919 0.928 0-932 
0-728 0.755 0.780 0-803 0.824 0.841 0-855 
0.615 0.642 0-667 0.692 0.715 0.737 0.756 
0.510 0.534 0.558 0.582 0-605 0.628 0.649 
0.415 0-437 0-458 0.480 0.502 0.523 0.545 
0.334 0.352 0.371 0.390 0.409 0.429 0.448 
0.265 0.280 0.296 0.312 0.329 0-346 0.363 
0.208 0.221 0.234 0.247 0.261 0.276 0.290 
0.162 0.172 0.183 0.194 0.205 0.217 0.230 
0-125 0-134 0.142 0.151 0.160 0-170 0.180 
0.096 0-103 0.109 0.116 0-124 0-131 0-140 
0.073 0.078 0.084 0.089 0.095 0.101 0-108 
0.056 0.060 0.064 0.068 0.072 0.077 0.082 

Table  3. The fraction of the electron n(R) contained 
within a sphere of radius R as a function of R and B 

0.00 0.25 0.50 0.75 1.00 1.25 1-50 

0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.6 
1.8 
2.0 

0.49 0.47 0-45 0.43 0.41 0"39 0-37 
0"58 0"56 0.54 0.52 0"50 0"49 0.47 
0.66 0.64 0"63 0.61 0-59 0-57 0"55 
0"73 0"71 0"70 0"68 0.67 0-65 0-64 
0.78 0.77 0.76 0-75 0-73 0-72 0-71 
0"83 0.82 0.81 0.80 0.79 0.78 0.77 
0.87 0.86 0.85 0.84 0.83 0.82 0-81 
0-90 0.89 0.88 0.88 0.87 0.86 0.85 
0.94 0.94 0.93 0-93 0.92 0.92 0.91 
0.97 0.96 0.96 0.96 0.96 0.95 0-95 
0.98 0-98 0.98 0.98 0.97 0-97 0.97 

2 

which  is su i tab le  for numer i ca l  e v a l u a t i o n  on  t h e  
mach ine .  
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Effect of serie~ termination 
The  va lues  of ~(r) a n d  n(R) o b t a i n e d  b y  t h e  use of 

these  e q u a t i o n s  s t r i c t l y  a p p l y  on ly  to  Four i e r  syn-  
theses  which  h a v e  been c o m p u t e d  w i th  an  in f in i t e  
n u m b e r  of terms.  This  is n o t  the  case in pract ice ,  of 
course, a n d  the  m e a s u r e d  va lues  wil l  depend  to  a 
ce r ta in  e x t e n t  upon  the  l imi t  of t he  observa t ions ,  t he  
error  be ing g rea te r  t h e  smal le r  t h e  va lue  of B. W e  
m u s t  there fore  enqu i re  u n d e r  w h a t  cond i t ions  t he  
resu l t s  of t h e  p resen t  ca lcu la t ions  are appl icable .  A 
r igorous  t r e a t m e n t  will  no t  be a t t e m p t e d ;  t he  p rob lem 
m a y  c o n v e n i e n t l y  be t ack l ed  b y  cons ider ing  the  effect  
of ser ies  t e r m i n a t i o n  u p o n  t h e  p e a k  e lec t ron  d e n s i t y .  
The  p e a k  d e n s i t y  Q(0)~ cor respond ing  to  t e r m i n a t i o n  
a t  s = A is g iven  b y  

f 
A 83 

e(0)a = 4~  o [ l + ( ~ a s ) ~ ]  9exp  (-Bs~)ds" (12) 

Th i s  i n t e g r a l  is i n t r ac t ab l e ,  b u t  resul t s  su f f i c ien t ly  
a c c u r a t e  for  t he  p r e s e n t  purpose  m a y  be o b t a i n e d  by  

Tab le  4. The effect of series termination on the peak 
electron density ~(0) in three dimensions 

(Q(0~t) is expressed as a fraction of the values in Table 1) 

A•) 0"25 0"50 0"75 1"00 1"25 1"50 

1"0 
1"1 
1"2 
1"3 
1"4 
1"5 
1"6 
1"7 

0"64 0"74 0"81 0"85 0"89 
0"69 0"79 0"85 0"89 0"93 
0"74 0"84 0"89 0"92 0"95 
0"79 0.87 0"92 0"95 0"97 
0"82 0"90 0"95 0"97 0"98 
0"85 0"93 0"96 0"98 0"99 
0"88 0"95 0"98 0"99 
0"90 0"96 0"99 

0"92 
0"95 
0"97 
0"98 
0"99 

n u m e r i c a l  i n t eg ra t ion .  The  va lues  of ~(0)z for  dif- 
f e ren t  l imi t s  A are g iven  in  Tab le  4. T h e y  are  expressed  
as f r ac t ions  of t h e  p e a k  va lues  g iven  in  Tab le  1. I t  
is seen t h a t  t he  r educ t ion  in  p e a k  d e n s i t y  is qu i te  
apprec iab le  for  n o r m a l  va lues  of B,  a n d  in  general ,  
in  th ree  d imens ions ,  a cor rec t ion  will  be necessary .  
These  f igures  r ep re sen t  m a x i m u m  correct ions ,  in t he  
sense t h a t  t h e  correc t ions  to  Q(r) are  i n v a r i a b l y  less 
t h a n  to  ~(0). The  effect  of series t e r m i n a t i o n  u p o n  
n(R) is more  d i f f icul t  to  assess w i th  accuracy ,  b u t  i t  
is less t h a n  in  t he  ease of Q(r), a n d  t h e  values  in  Tab le  3 
can  p r o b a b l y  be used  w i t h  conf idence for  n o r m a l  
e x p e r i m e n t a l  condi t ions .  

T w o - d i m e n s i o n a l  analys is  

The  ex t ens ion  of t he  above  t r e a t m e n t  to  two  d imen-  
sions has  n o t  been  f o u n d  possible,  owing to  t h e  in- 
t r a c t a b l e  n a t u r e  of t he  in tegra ls .  The  p ro jec ted  elec- 
t r o n  d e n s i t y  in  a h y d r o g e n  a t o m  w i t h  t h e r m a l  m o t i o n  is 

ioo (-Bs2)Jo (2~rs) (13) 
2ns  

~(r) = 0 [1 + (~as)~]~ e x p  ds 

where  J0 deno tes  t h e  Bessel  f u n c t i o n  of order  zero. 
F o r  t h e  special  case B = 0, we h a v e  f rom (4), 

[ ~ ( r ) ] ~ = 0 = _ _ 2  f o e X p [ _ _ 2  ] xa a a (r~+h~) ½ dh, 

which  can be r e w r i t t e n  

[~(r)]B=o = __4 (sg-rg)½ exp  - - -  ds 
:ga4 r 

and,  us ing  t h e  r e su l t  

a 

P 

w h e r e f ( t )  = (t2-a2)½ for  t > a, a n d f ( t )  -- 0 for  t < a, 
we h a v e  for  t h e  p ro j ec t ed  e lec t ron  d e n s i t y  

[~(r)]B~_o = 2--~-rKl(2-~)Teaa . (13a) 

Tab le  5. The projected electron density as a function of 
the temperature parameter B and the distance r from 

the centre of the atom 
(Values are in e.A -~) 

0.00 0.25 0.50 0.75 1.00 1-25 1.50 

0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 

1-142 0.925* 0.81s* 0.742* 0.683* 0-636* 0-59e* 
1.009 0.875 0.785 0.717 0.663 0.619 0.582 
0-809 0.752 0.696 0.648 0.607 0.572 0.541 
0-624 0.604 0.579 0.552 0.527 0.503 0-481 
0.470 0.467 0.459 0-449 0.436 0.423 0.410 
0.348 0.352 0.353 0.352 0.348 0.343 0.338 
0-255 0.261 0.265 0.268 0.270 0.270 0.269 
0.186 0.191 0.197 0.201 0.205 0.207 0.209 

* Calculated by means of equation (16). 

Tab le  6. The two-dimensional distribution function 
2grQ(r) 

0.00 0.25 0.50 0.75 1.00 1.25 1-50 

0.0 
0.1 
0.2 
0"3 
0.4 
0.5 
0-6 
0-7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 

0.000 0.000 0-000 0.000 0.000 0.000 0.000 
0.634 0.550 0.493 0.451 0.417 0 389 0.365 
1.017 0-945 0.874 0.814 0.763 0.719 0.680 
1.176 1.139 1 .091  1 .041  0.993 0.948 0.907 
1.180 1.173 1.154 1.127 1-097 1-064 1.032 
1.094 1.105 1.109 1.104 1.094 1.079 1.061 
0.962 0.983 1.000 1.012 1.017 1.018 1.015 
0.816 0.841 0.864 0.884 0.900 0.912 0.920 
0.674 0.699 0.724 0.747 0.768 0.786 0.801 
0.544 0.568 0.592 0.615 0.636 0.657 0.676 
0-433 0.454 0.475 0.496 0.516 0.536 0.556 
0.339 0.357 0.375 0.393 0.412 0.430 0-448 
0-263 0.278 0.293 0.308 0.324 0.340 0.355 
0.202 0.214 0.226 0.239 0.252 0.265 0.278 
0.154 0.163 0.173 0.183 0.194 0.204 0.216 
0-116 0.124 0.131 0.139 0.148 0.156 0.165 
0.087 0.093 0.099 0.105 0.112 0.118 0.125 
0-065 0.070 0.074 0.079 0.084 0.089 0.095 
0.049 0.052 0*055 0.059 0.063 0.067 0.071 
0.036 0.038 0.041 0.044 0.047 0.050 0.053 
0.026 0.028 0.030 0.032 0.035 0.037 0.039 
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K 1 is a well tabulated function (see for example 
Watson, 1922, p. 698). The values in column 1 of 
Tables 5 and 6 were calculated by means of this 
equation• Equation (13) can be written in the form 
of a convergent series, but, as the functions involved 
are not well tabulated, the series is not convenient 
for accurate calculation. The remaining columns in 
Tables 5 and 6 were obtained on the EDSAC as the 
solutions of the differential equation 

( 1 _ ~ 2 a  2 0 2 

which can be obtained from (13) by using the result 

o exp (-pt)Jo(21/(at))dt P 

In two dimensions, n(R) is given by 

f n(R) = 2~r0(r ) dr.  (15) 
o 

Table 7 was obtained by graphical evaluation of this 
function. 

~(O)~ = ~(O)-- ( ~ )  ebEi[-(b+BA~)] 

b exp ( - B A  9) 
zea 9 b + BA2 

• ( 1 7 )  

The magnitude of the error introduced by limiting the 
series may readily be determined for any particular 
values of A and B by evaluating the two correction 
terms. Table 8 was obtained in this way. The figures 

Table 8. The effect of series termination on the peak 
electron density ~(0) in two dimensions 

(O(0)A is expressed as a f ract ion of the  values  in Table  5) 

1.0 
1"1 
1"2 
1"3 
1"4 
1-5 
1"6 
1"7 

0.25 0.50 0.75 1.00 1.25 1-50 

0.85 0.89 0.92 
0.88 0.92 0.95 
0.90 0.94 0.96 
0-92 0.96 0-97 
0.94 0.97 0.98 
0.95 0.98 0.99 
0-96 0.98 
0.97 0.99 

0.94 0.96 0-97 
0-96 0-97 0~98 
0.97 0.98 0.99 
0.98 0-99 
0.99 

Table 7. The fraction of the electron n(R) contained 
within a circle of radius R as a function of R and B 

) 0.00 0.25 0.50 0.75 1.00 1-25 1.50 

0.7 
0.8 
0-9 
1-0 
1-1 
1-2 
1.3 
1-4 
1-6 
1-8 
2.0 

0.65 0.63 0.62 0.60 0-58 0.57 0.55 
0.72 0.71 0.70 0.68 0-67 0.65 0.64 
0-78 0.77 0.76 0.75 0.74 0.73 0.71 
0.83 0.82 0.81 0-80 0.79 0.78 0.77 
0.87 0.86 0-86 0.85 0.84 0.83 0.82 
0-90 0.89 0-89 0.88 0.88 0.87 0.86 
0.92 0.92 0.92 0.91 0.91 0.90 0.89 
0-94 0.94 0-94 0.93 0.93 0.92 0-92 
0.96 0.96 0.96 0.96 0.96 0.96 0.95 
0-98 0.98 0.98 0-98 0-98 0.97 0.97 
0.99 0.98 0.98 0.98 0.98 0.98 0.98 

We can derive an analytical expression for the effect 
of temperature on the peak electron density. In two 
dimensions, ~(0) is 

foe 2 ~ s  
e(0) = 0 [1 + (~as)2]~ exp  ( - B s ~ ) d s ,  

which can be reduced to a tabulated form 

q(0) = __1 [ l+bebEi(-b)]  (16) 
~ a  2 

where 

f 
co e - t  

- E i ( - b )  = - - d t  (Jahnke & Erode, 1945, p. 1) 
b t 

and b = Blair,% 
The effect of series termination may be conveniently 

discussed in terms of this equation. For a finite upper 
limit A, equation (16) becomes 

have the same significance as those in Table 4. As is 
to be expected, they impose less stringent restrictions 
upon the experimental conditions than is the case in 
three dimensions. 

N u m e r i c a l  r e s u l t s  

Values of ~(r) calculated on the EDSAC are listed in 
Tables 1 and 5, for several values of B, and for 
r ~< 0.7 A. Q(r) plotted as a function of r is shown in 
Fig. 1. The effect of thermal motion is to lower the 
electron density for r < ~0 .5  /~, and to increase it 
slightly outside this range. In three dimensions, from 
equation (8), 

_ ~ 3 a S  

This function changes sign when r --- a, thus the effect 
of a small temperature increase on a stationary atom 
in three dimensions is to decrease ~ for r < 0.528 J~, 
and to increase ~'for r > 0.528 A. In two dimensions, 
from equation (13), 

[~1~_0 ~ ~ [ : K ~ ( ~ ) - K 0 ( ~ ) ]  _ ~3a4 

This function is zero when r = aKo(2r/a)/Kl(2r/a ), 
that is when r = 0.41 J~. Thus, in two dimensions, 
the electron density is decreased by thermal motion 
for r < 0.41 A, and increased beyond this value, for 
an atom near the absolute zero of temperature. The 
latter effect is rather too small to be shown in Fig. 1, 
and is best brought out by the change in the radial 
distribution function. U(r) is tabulated in Tables 2 
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and 6 for r ranging from 0 to 2.0 A, and the cor- 
responding curves for B = 0 and B = 1.50 are plotted 
in Fig. 2. Thermal motion has the effect of displacing 

c~-phenazine (Hirshfeld & Schmidt, 1956). The values 
of Qo(0) and no(R) in the table are as read on eo-ec 
maps computed from Geiger-counter data  in the case 
of the first four structures, and from low-temperature 
(90 ° K.) photographic data  in the case of a-phenazine. 
The values of B and R which were used in the cal- 
culations are indicated in the table. B is, in each case, 
an average temperature factor for the whole molecule• 
The QÙ(0) values for ammonium bifluoride were cor- 
rected for series-termination effects, but  this refine- 
ment  was not necessary for the other analyses. 

\ "° 

--- 0.= 

5 1 5 0 0 ~ [  ~ 0 ) / f - ~ t - , . O ' 5  r(A)l"O 1-5 2"0 

1"0 0 0"5 1-0 1 "5 .-. B=O/ / ~~B=1"50 " 

J 6= 0 ,s 
1.o ~ 0-5 

J< ~=o.so (b) ~ 
B=0.75 

""B=I .00 0 ! 1 

"~/] = 1.25 o 0.5 1 .o 1-5 2"0 
~S=l.SC 

/ 

0!  0.=5 1'.0 '1-5 

r(A) 

Fig. 1. The e lect ron dens i ty  (a) in three  dimensions,  (b) in 
two dimensions,  as a funct ion of r and  B. 

the maxima of the distribution curves in an outward 
direction, and lowering them slightly. 

Tables 3 and 7 list n(R) for 0-7 _~ ~< R ~< 2"0/~. 
The values in Table 3 were obtained from equation 
(9), and those in Table 7 from equation (15). I t  can 
be seen tha t  the atom is quite diffuse, a sphere of 
radius 1.0 2r, for example, containing only 70 % of the 
electron. The values of n(R) are relatively little af- 
fected by temperature. 

C o n c l u s i o n  

In  Table 9 a comparison is made between the theoret- 
ical calculations and the results of recent accurate 
analyses of salicylic acid (Cochran, 1953), adenine 
hydrochloride (Cochran, 1951), ~-pyridone (Penfold, 
1953), ammonium bifluoride (McDonald, 1956) and 

r(A) 

Fig. 2. The  d is t r ibut ion  funct ion  (a) U(r) = 4~r2g(r) and  
(b) U(r) = 2zero(r), for B = 0 and  B = 1.50. 

The hydrogen atoms taking par t  in the formation 
of the strong O-H-O bonds in salicylic acid and F - H - F  
bonds in ammonium bifluoride have been excluded 
from the table, the reason being tha t  they  appeared 
abnormal. In salicylic acid, these hydrogen atoms are 
deficient as regards both peak density and electron 
content, while in ammonium bifluoride, although the 
electron count is normal, the peak densities are low. 
Similar effects have been observed by Pringle (1954) 
in oxalic acid dihydrate. 

The following points are worthy of note in respect 
of Table 9. I t  is not unreasonable to suppose that  
bonding would, if anything, reduce the electron con- 
tent of the hydrogen atom, but, apart  from the 
exceptions mentioned in the preceding paragraph, 
there is no indication of any such deficiency in either 
~o(0) or no(R) as compared with Qc(0) and no(R). In 
fact, there is a slight tendency for the experimental 
peak densities to be higher than the theoretical, as 
though the hydrogen atoms, contrary to expectation, 
had smaller average thermal vibrations than the heavy 
atoms. 

The tentat ive conclusion to be drawn from this 
comparison is tha t  the electron distribution in hy- 
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Table  9. Comparison of observed and calculated values of ~(0) and n(R) 

qo(O) (e.A -z) oc(O) (o.A -~) no(R) (e) n,(R) (e) B (A 2) 
Salicylic acid 0.81 0.68 0.95 0.84 1.00 

0.79 - -  0.91 - -  - -  
0.79 - -  0.86 - -  - -  
0.71 - -  0.97 - -  - -  

Adenine hydro chloride 1.07 0" 78 0.81 * 0.85 0.59 
1.00 . . . .  
0-70 . . . .  
1 . 0 7  . . . .  
0.87 . . . .  
0.72 . . . .  
1.00 . . . .  

a-Phenazinet 1.11 0.89 0.8* 0.70 0.32 
1.23 . . . .  
0.95 . . . .  
0.93 . . . .  

-Pyridone 0.80 0.77 0.95 0.80 0- 65 
0-78 - -  0.89 - -  - -  
0.80 - -  0.94 - -  - -  
0.70 - -  0.94 - -  - -  
0.78 - -  0.91 - -  - -  

Ammonium bifluoride 0.92~: 0.835 0.79 0.75 0.59 
0.965 - -  0.79 - -  - -  

• Averaged over all the atoms, t Preliminary results. ~ Values in units e.A -3. 

R (h) 

1.1 

1.1 

0.8 

t.0 

1.1 

d rogen  a toms  b o n d e d  to  carbon,  n i t rogen  or oxygen ,  
or weak ly  h y d r o g e n - b o n d e d  to  n i t rogen  or chlorine,  
is a d e q u a t e l y  a p p r o x i m a t e d  by  t he  d i s t r ibu t ion  in  an  
isola ted a tom.  

F ina l ly  we m u s t  bear  in m i n d  t h e  fol lowing prac t ica l  
considerat ions .  I f  we wish to  de t ec t  depa r tu re s  f rom 
the  e lec t ron  con t en t  of an  i so la ted  a tom,  we m u s t  
coun t  w i th in  a region smal l  c o m p a r e d  wi th  i n t e r a tomic  
distances,  t h a t  is, R should  no t  exceed  a b o u t  1.0 J~. 
U n d e r  these  condi t ions ,  as can be seen f rom t h e  tables ,  
t h e  expec t ed  e lec t ron  coun t  is cons iderab ly  less t h a n  
one. I n  v iew of this,  i t  is e v i d e n t  t h a t  due  care m u s t  
be  t a k e n  in i n t e r p r e t i n g  t he  resul ts  of e lec t ron  count-  
ing  on Four ie r  syntheses ,  pa r t i cu la r ly  in  th ree-  
d imens iona l  work.  I n  two  d imens ions ,  t h e  s i t ua t ion  
m a y  be worse as regards  overlap,  bu t  is be t t e r  f rom 
t h e  po in t  of v iew of sharpness  of t he  peaks.  I n  e i the r  
case, we m u s t  e n d e a v o u r  to  s t r ike  a compromise  in  
prac t ice  b e t w e e n  t ry ing  to  inc lude  t he  'whole '  a tom,  
on t he  one hand ,  a n d  avo id ing  t he  effects of overlap,  
on t he  other .  
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